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As Leibniz has told us, from 0 and 1 we can get everything:

0
1
Multiply the previous line by a a
and add b times the line before that a> + b
a® + 2ab

a* + 3a%b + V?
a® + 4a3b + 3ab?
a® + 5a*b + 6a%0® + b°
a” 4+ 6a°b +10a3b® + 4ab?
a® + 7a%b +15a%%+10a203+ b*
a® + 8a"b + 21a°b%+ 20a3b® + 5ab*
a'® 4+ 9a%b + 28a5b% + 35a*b% + 15023 + B°
a'’ + 10a°b +36a7b? +56a°b> +35a3b* + 6ab®

If you tip your head on one side

you’ll see that the coefficients (A011973)
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There are infinitely many particular cases: 1

a
a® + b
a® + 2ab

at + 3a%b + V?
a® + 4a®b + 3ab?
a® + 5a'b + 620 + b?
For example, a = 2, b = —1 gives the natural numbers (A000027)
0, 1,2 3, 4, 5 6, 7, ...

1
a

a> + b
a® + 2ab

a* + 3a%b + b2
a® + 4a3b + 3ab?
a® + 5a* + 6% + b°

a =3, b= —2 gives the Mersenne numbers (A000225)
0, 1, 3, 7, 15, 31, 63, 127, ...2" —1

Everyone believes that infinitely many of them (n = 2,3,5,7,...) are prime

... but no-one can prove that!

1
a

a®> + b
a® 4+ 2ab

a® + 3a% + V?
a® + 4a®b + 3ab?
a® + 5a*h + 6a%b* + b
a =1, b=1 gives the Fibonacci numbers (A000045)
0,1, 1, 2, 3, 5, 8 13, 21, 34, 55, 89,

about which whole books have been written.
They are the numbers of ways of packing dominoes in a 2 X (n — 1) box:
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a =2, b=1 gives the Brahmagupta-Pell numbers (A000129)
0, 1, 2, 5, 12, 29, 70, 169, 408, ...

These were probably known to the Babylonians nearly 4000 years ago.

They are the denominators of good approximations
[ A
1 2 5 12 29 70 169 408

(convergents to the continued fraction) to the square root of 2

Suppose that you want to know if there’s a number whose square is 2

1 is too small, and 2 is too big.

So take the average, 5
AP .. 4
Divide it into 2, giving 3

3 4

— is too big, — is too small.

2 3

We've already learned that the arithmetic mean is greater than the geometric mean!

4 17

3
Take th f— - —.
ake the average o 2and3 12
17 24 577

Then the average of — and —.
12 17 408

3 17 517 are the 1st, 2nd, 4th, 8th of the convergents;

) 55 ﬁa m7
and 32 =2.22 41, 172 =2.122 + 1, 5772 = 2. 4082 + 1, ...
The process doesn’t stop!! /2 is irrational!!

In Babylonian /2 = 1; 24, 51, 10, 7, 46, 6, 4, ...
compared with 577/408 = 1; 24, 51, 10, 35, 17, 38, 4, ...

They knew that 1; 24, 51, 10 is better than 1; 24, 51, 11
and, that if they had enough clay tablets, they could get as close as they liked



a =1, b= 2 gives the Jacobsthal numbers (A001045)

0, 1, 1, 3, 5, 11, 21, 43, 85, 171, 341, ...
which, apart from the zeroth, are all odd. In fact

Jn+1 = 2Jn + (—1)”

They were useful to us when we analyzed Conway’s “subprime Fibonacci sequences” [Math. Mag.,
Dec. 2014.]
They are also the number of ways of tiling a 3 x n — 1 rectangle with 1 x 1 and 2 x 2 square tiles.

5

Or the number of ways of tiling a 2 x n — 1 rectangle with 2 x 1 dominoes and 2 x 2 squares.
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These facts follow from the following diagrams :

Jn1 B
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a =z, b= —1 gives the Chebyshev polynomials of the first kind, T, (),

a=2z, b= —1 gives Chebyshev polynomials of the second kind, U, (z);
(A049310 and A039599),

UQ(IC) =1
Ui(z) =2z
Us(x) = 42 — 1

Us(z) = 82° — 4z
Uy(z) = 162* — 1222 + 1
Us(z) = 322° — 3223 + 62
Us(z) = 642°% — 802" + 2422 — 1
Uz(x) = 12827 — 1922° + 80x° — 8z
Ug(z) = 2562° — 4482° + 2402* — 402% + 1
Ug(x) = 5122° — 102427 + 6722° — 1602> + 10z
Uo(z) = 102420 — 23042° + 17922° — 5602* + 602% — 1
Uyi(z) = 20482 — 51202° + +4608z" — 17922° + 2802° — 122

which satisfy the following formulas:

sin(n + 1)0
sin ¢

(1 —2®)U! — 32yU., +n(n +2) =0, U, (cos ) =

Let’s factor our original polynomials:
P=a
Pi=tth
Py=ala 4 2)
Pr = a + 3% £ 1
Ps = a(a® +b)(a” 4 3b)
Pr = o £ 50'h+ 622 £ 1
Py = a(a® + 2b)(a’ + 4a%b 4 407)
Py = (a” +b)(a + 6a’b + 9a%b” + 1)
Pio = a(a* + 3a®b + b*)(a* + 5a°b + 5b%)
Piy = a(a® +b)(a® + 2b)(a® + 3b)(a* + 4a’b + b%)

The underwaved polynomials are “primitive parts”, analogous to the cyclotomic polynomials.
This illustrates that our sequences are divisibility sequences, that is:

m | n implies that w,, | un
Here’s how to see that: u,, = au,—1 + bu,,—>. Guess that u,, = Ax".

Az™ = aAz™ ' + bAz" 2

22 =azx+b

—a:l:\/ﬁ
2
say ¢ = a or 3, so that u,, = Aa™ 4+ BS"™ and ug = 0 and u; = 1 give

T = where D =a?—4b

0=A+B, 1=Aa+BB, A=-B=1/(a-5)

a™ — "
o= p
a—p

and the divisibility is clear.



The Lucas-Lehmer theory tells us that a prime p divides
ty-(2)

where (%) is the Legendre symbol: +1 according as D is, or is not, a quadratic residue (square) mod p (or
is zero if p | D).
For example, for the Fibonacci numbers the discriminant D = 5.
So u,_1 is divisible by p if p is of shape 10k + 1,
and up41 is divisible by p if p is of shape 10k £ 3,
and u s, is divisible by 5.
But this is not “only if” !!

For example 13 | uy4 (= 377) and hence 13 | uy4x for all k,
but in fact 13 | Uz, for all k.
We know that the “rank of apparition” of p is a divisor of p — (

).
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but we don’t know which!

Here’s something else we don’t know!
A member, u,,, of one of these sequences can be prime only if n is prime;
since uy,q is divisible by u, and by u,.
But if p is prime, then u, is not necessarily prime!
Among the Fibonacci numbers
uz = 2, us = 5, uy = 13, uy; = 89, uiz = 233, uyy = 1597 are all prime,
but u;9 = 4181 = 37 x 113 is not!
We do not even know if there are infinitely many Fibonacci primes, ...
or infinitely many Mersenne primes, ...
or infinitely many Brahmagupta-Pell primes, ...
or infinitely many Jacobsthal primes, ...

There are infinitely many things we don’t know !!
but there are infinitely many things WE DO KNOW !!
That’s the beauty of Mathematics!!



