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Jangrams

A silhouette puzzle is a game where, given a set of polygons, one must decide whether they can be placed in
the plane in such a way that their union is a target polygon. Rotation and reﬂection are allowed but scaling
is not, and all polygons must be internally disjoint.1
The tangram is the set of polygons illustrated in Figure 1(left). Of anonymous origin, their ﬁrst known
reference in literature is from 1813 in China [Slo04]. The tangram has grown to be extremely popular
throughout the world; now, over 2000 silhouette and related puzzles exist for it [Slo04, Gar87].
Much less famous is a quite similar Japanese puzzle called Sei Shonagon Chie no Ita. Sei Shonagon was
a courtier and famous novelist in Japan, but there is no evidence that the puzzle existed a millennium ago
when she was living (966?-1025?). Chie no ita means wisdom plates, which refers to this type of physical
puzzle. It is said that the puzzle is named after Sei Shonagon’s wisdom. Historically, the Sei Shonagon Chie
no Ita ﬁrst appeared in literature in 1742 [Slo04]. Even in Japan, the tangram is more popular than Sei
Shonagon Chie no Ita, though Sei Shonagon Chie no Ita is common enough to have been made into ceramic
dinner plates (Figure 1(right), [Tak14]).
Wang and Hsiung considered the number of possible convex (ﬁlled) polygons formed by the tangram
[WH42]. They ﬁrst noted that, given sixteen identical isosceles right triangles, one can create the tangram

Figure 1: Left: the tangram in square conﬁguration. Right: a set of traditional ceramic plates in the form
of Sei Shonagon Chie no Ita pieces, crafted by Tomomi Takeda in Kanazawa, Japan.
1 Sometimes this puzzle is also called “dissection puzzle.” However, dissection puzzle usually indicates the puzzles that focus
on finding the cutting line itself. The most famous one is known as the Haberdasher’s Puzzle by Henry Dudeney that asks to
find cut lines of a regular triangle such that the resulting four pieces can be rearranged to form a square [Dud58].
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Figure 2: All 20 potential convex polygons that can be formed from 16 identical isosceles right triangles.
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Figure 3: Jangrams: Four patterns that can form nineteen convex polygons out of 20.
pieces by gluing some edges together. So, clearly, the set of convex polygons one can create from the tangram
is a subset of those that sixteen identical isosceles right triangles can form. Embedded in the proof of their
main theorem, Wang and Hsiung [WH42] demonstrate that sixteen identical isosceles right triangles can form
exactly 20 convex polygons. These 20 are illustrated in Figure 2. The tangram can realize 13 of those 20.
Also Sei Shonagon Chie no Ita achieves 16 out of 20, which is folklore in the puzzle society in Japan [Aki14].
Therefore, in a sense, we can conclude Sei Shonagon Chie no Ita is more expressive than the tangram. while
both the tangram and Sei Shonagon Chie no Ita contain seven pieces made from sixteen identical isosceles
right triangles, Sei Shonagon Chie no Ita can form more convex polygons than the tangram.
One might next wonder if this can be improved with diﬀerent shapes. We demonstrate a set of seven
pieces that can form nineteen convex polygons among twenty candidates, and that to realize all twenty
convex polygons, it is necessary and suﬃcient to have eleven pieces. We investigate all possible cases and
conclude that there are four sets of seven pieces that allow to form nineteen convex polygons as shown in
Figure 3. Based on this result, we also show that no set of six pieces can form nineteen convex polygons.
That is, our results for general silhouette puzzles can be summarized as the following theorem:
Theorem 1 (1) There are only four patterns of seven pieces (Figure 3) that can form nineteen convex
polygons among twenty candidates in Figure 2. (2) To form all twenty polygons in Figure 2, eleven pieces
are necessary and suﬃcient. (3) Any six pieces in the same manner cannot form nineteen convex polygons
among twenty candidates.
The proof of this theorem can be found [FEKU16]. Enjoy our Jangrams!

Figure 4: A polygon folding into two boxes of size 1 × 1 × 5 and
1 × 2 × 3 in [MU08].
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Figure 5: Cubigami.

Common development of three diﬀerent boxes

At G4G9, the author prepared some gift, a set of polygons that can fold into two boxes in 2010. This folding
problem is very natural but quite counterintuitive; for a given polygon that consists of unit squares, and the
problem asks if there are two or more ways to fold it into simple convex orthogonal polyhedra (Figure 4).
Some similar idea can be found in a nice puzzle “cubigami” (Figure 5), which is a common development of all
tetracubes except one (since the last one has surface area 16, while the others have surface area 18) developed
by Miller and Knuth. Some related results can be found in the books on geometric folding algorithms by
Demaine and O’Rourke [DO07, O’R11].
Biedl et al. ﬁrst gave two polygons that fold into two incongruent orthogonal boxes [BCD+ 99] (see also
Figure 25.53 in the book by Demaine and O’Rourke [DO07]). Later, Mitani and Uehara constructed inﬁnite
families of orthogonal polygons that fold into two incongruent orthogonal boxes [MU08], that is the base
of the gift at G4G9. Recently, Shirakawa and Uehara extended the result to three boxes in a nontrivial
way; they showed inﬁnite families of orthogonal polygons that fold into three incongruent orthogonal boxes
[SU13]. One example is shown in Figure 6. However, the smallest polygon by this method contains 532 unit
squares so far, and it is still open if there exists much smaller polygon of several dozens of squares that folds
into three (or more) diﬀerent boxes.
First of all, two boxes of size a × b × c and a0 × b0 × c0 share a common development only if they have the
same surface area, i.e., when 2(ab + bc + ca) = 2(a0 b0 + b0 c0 + c0 a0 ) holds. We can compute small surface areas
(1 ≤ a ≤ b ≤ c ≤ 50) that may admit to fold into two or more boxes by a simple exhaustive search (Table 1).
From the table, we can say that the smallest surface area is at least 22 to have a common development of
two boxes, and then their sizes are 1 × 1 × 5 and 1 × 2 × 3. In fact, Abel et al. have conﬁrmed that there exist
2,263 common developments of two boxes of size 1 × 1 × 5 and 1 × 2 × 3 by an exhaustive search [ADD+ 11].
On the other hand, the smallest surface area that may admit to fold into three boxes is 46, which may fold
into three boxes of size 1 × 1 × 11, 1 × 2 × 7, and 1 × 3 × 5. However, the number of polygons of area 46 seems
to be too huge to search. This number is strongly related to the enumeration and counting of polyominoes,
namely, orthogonal polygons that consist of unit squares [Gol94]. The number of polyominoes of area n is
well investigated in the puzzle society, but it is known up to n = 45, which is given by Shirakawa (see the
OEIS (https://oeis.org/A000105) for the references). Therefore, it seems to be quite hard to enumerate
all common developments of three boxes of size 1 × 1 × 11, 1 × 2 × 7, and 1 × 3 × 5 since their common area
consists of 46 unit squares.
One natural step is the next one of the surface area 22 in Table 1. The next area of 22 in the table is
30, which admits to fold into two boxes of size 1 × 1 × 7 and 1 × 3 × 3. We employed nontrivial algorithmic
tricks, and completed the analysis. As a result, we ﬁnally obtained all common development of size 1 × 1 × 7
and 1 × 3 × 3 which is 1,080.

2(ab + bc + ca)
22
30
34
38
46
54
58
62
64
70
88

a×b×c
1 × 1 × 5, 1 × 2 × 3
1 × 1 × 7, 1 × 3 × 3
1 × 1 × 8, 1 × 2 × 5
1 × 1 × 9, 1 × 3 × 4
1 × 1 × 11, 1 × 2 × 7, 1 × 3 × 5
1 × 1 × 13, 1 × 3 × 6, 3 × 3 × 3
1 × 1 × 14, 1 × 2 × 9, 1 × 4 × 5
1 × 1 × 15, 1 × 3 × 7, 2 × 3 × 5
1 × 2 × 10, 2 × 2 × 7, 2 × 4 × 4
1 × 1 × 17, 1 × 2 × 11, 1 × 3 × 8, 1 × 5 × 5
1 × 2 × 14, 1 × 4 × 8, 2 × 2 × 10, 2 × 4 × 6

Table 1: A part of possible size a × b × c of boxes and its common surface area 2(ab + bc + ca).
Based on the obtained common developments, we next change our scheme. In [BCD+ 99], they also
considered folding
45√degree lines, and showed that there was a polygon folding into two boxes of size
√ along
√
1 × 2 × 4 and 2 × 2 × √
3 2 (Figure
√
√7). In this context, we can observe that the area 30 may admit to fold
into another box of size 5 × 5 × 5 by folding along the diagonal lines of rectangles of size 1 × 2. This
idea leads us to√the problem
√
√ that asks if there exist common developments of three boxes of size 1 × 1 × 7,
1 × 3 × 3, and 5 × 5 × 5 among these 1,080 common developments of two boxes of size 1 × 1 × 7 and
1 × 3 × 3.
We checked if these
√ common
√ √developments of two boxes of size 1 × 1 × 7 and 1 × 3 × 3 could also fold into
the third box of size 5× 5× 5, and obtained an aﬃrmative answer. We found that nine of√
1,080√
common
√
developments of two boxes of size 1 × 1 × 7 and 1 × 3 × 3 folded into the third cube of size 5 × 5 × 5
(Figure 8). Moreover, one of the nine common developments of three boxes
√ had√another
√ way of folding.
Precisely, the last one (Figure 8(9)) admits to fold into the third box of size 5 × 5 × 5 in two diﬀerent
ways! These four ways of folding are depicted in Figure 9.
We summarize the recent results about this topic:
Theorem 2 (1) There are 1,080 polyominoes of area 30 that admit to fold (along the edges of unit squares)
into two boxes of √
size 1√
× 1 ×√
7 and 1 × 3 × 3. (2) Among the above 1,080, nine polyominoes can fold into the
third box of size 5 × 5 × 5 if we admit to fold along diagonal lines (Figure 8). (3) Among these nine
polyominoes, one can fold into the third box in two diﬀerent ways (Figure 9).
The details of the algorithms used to prove this theorem can be found [XHSU15]. The folding ways are very
nice puzzles. Enjoy folding!
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also available at
http://www.jaist.ac.jp/~uehara/etc/origami/nets/3box.pdf
Figure 6: A polygon folding into three boxes of size 2 × 13 × 58, 7 × 14 × 38, and 7 × 8 × 56.
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Figure 7: The common
development shown in
[BCD+ 99]. (a) It folds into
a box of size 1 × 2 × 4 and
(b) it also
√ folds
√ into√a box
of size 2 × 2 × 3 2.
Figure
that fold into three boxes of size 1 × 1 × 7, 1 × 3 × 3,
√ 8: Nine
√ polygons
√
and 5 × 5 × 5. The last one can fold into the third box in two diﬀerent
ways (Figure 9).
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Figure 9: The unique polygon folds into three boxes of size (a) 1×1×7, (b) 1×3×3, and (c)(d)
in four diﬀerent ways.
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