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Martin Gardner wouldurelyhave noted theentenniasignificance of January 6 of this year.
On that day,he digits of the datg6/18 matched 1.61Bthe leading digits of the famous
golden ratio number Phif you wanted three more digits, you could katgour alarm to
celebrate at 3:39 anat a more reasonable 3:39vgmenthe eight digits of that meamt
aligned to 1.6180339.

| am surethat Martinwould havealsonoticedthe pursin my title. The firsivord refers to
both Phi andive, and the fourth word refers to magic squahyg goal is toeveal several
surprising connections betwede two valuesnd their powersusing both Fibonacci
numbers andive-by-five magic squase A warning: fiordinaryword pws tend to make
you numb, then mypathematicgduns will make you number.

As you pesumably know, the golden raionberPhi (or! ) hows up in nature, in art, in
architectureand even beauty sadoas well as mathemati¢syou are not familiar with,

you are in for a treat. There are plenty of books and websitgpthizthe fascinating
properties andbiquitous naturef this mysterious number. | want to use a few of the
manyidentities so here is shortsummary.

One of the ways to determine the golden ratio is to find the place to divide a line so that the
ratio of the length of the longer segment to the shertiee same as the ratio of the whole

line to the longer segmetitx is the length of the longer segment and y is the length of the
shorter, equating those two ratigives the equati!gri %or! P x. We are

only nterested in the ratiso we can arbitrarily set the value of the smaller value x to 1, to
get a quadratic equation in a single variable! ! !, or!'! y! ' I 0! Then you can

find the two roots using tifamiliarquadratic formulMJ!There isone positive

root, namely!,+|—£! 1.6180339,.which is the golden ratio, The other root is—”z‘/!—z

-0.6180339.which can also be expressetilasp or also aé! i;) or!l—¢)' 1.

The identities that | will use laterlafed ! +1and!'' ! ¢ —!! Both of these are
directly obtainable from the above. Also, instead of exptessrgyfraction and a square
root, we could use decimals and powers expressed as decimdlte gitengsting form:

| =0.5+ 0.5(5)

It is not the easiest forta remember, but it does display the intimate connection between
I and 5. This is only the first of many links to be discovered.



Phi, Five, and Fibonacci

As you probably knowsibonacci numbers agesequence aftegers defined by the rule
that each number in the sequeiscthe sum of the previous twof !,| denotes the'h

Fibonacci numbet, ! F,, ! F _,. Along with that rule, you must know that ftie
two Fibonacci numbserare 10ise.], ! ! and!, ! !. So the sequence begins {1, 1, 2, 3,
5,8,13, ..}

If you are interested in how rapidly that sequemaesisingyou could examine theioa
of each Fibonacci numbty the previous ongi.e. For exampléﬁ! I, Ba =1,

Tyt [

!F—f = 115, and so forth. Most people who are familiar whoth! and the Fibonacci
numbersare aware the limitimglue of thoseatics is¢p. That is!"#, _, F!, n=1. Fewer

people seem to be aware thate is a formula that expresdesf the Fibonacci numbers
exactlin terms of . It is known as BinetOs formplablished in 1843, although it was
actually found and published much earlier by both Euler in 1756 and de Moivré in 1730
Here it is:
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This is an interesting result because the square root of 5 and aHzév® pawers df
are irrational, yet the parts combine to produce exact integeexyoralue of nAlthough
we normally think of the Fibonacci sequence as containing diiNg puggers, the same
formula works for zero and negative nth&osequence can extend Obackwards.O That is,
Fo! V' F,=-!1,,=—-1,F_3=1! 2, and so forth. As you can see, the negative
sequence just mirrors the ordinary positive one.
Putting this famulainto a form that emphasizg®s arBQshe resultan be expressed as:

F!' =5! !!5” ! I (| ¢)!n!
The %' Fibonacci number happens taBhso5 and!  are linked by this surprising equation

5=5%¢" —(=1)""!

By the waythe seventRibonacci numbes 13, san honor of the thirteenth gathering,

13=5%91"'1 (11)'7)

Generalized Fibonacci sequensesthe santecursiorrule (the sum of the previous two)
but with arbitrary starting valuésthe " number in the gemlizedFibonacci equence is
I ., andthe starting values dre! x and!, ! ! for any x and yhen

! Deriving this formula using standard methods for solving a second order differencengtjutiornnitial
conditions is an easy and very satisfying exercise, suitable for high school algebra students.
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and so on. You can see from the way the coefficients of x and y are develdpang that
generalized Fibonacci numbers are closely related to the ordinary Fibonacci numbers by the
equatior , ! F,_4! ! F,y. The formula works for negative n and even forimeger x

and y. All of these resul@re well knowralong with many othenémesting features the

Fibonacci numbers

One particular instance of the generalized Fibonacci sequence that is relevant in the present
context uses the initialues 1 angl. | will call that sequence of numbers thebBthacci
sequenceand desigate the terms @s . Sq

and so forth. In general, for all h, ! F,,! F,;!. The reason that sequence is
interesting and relevant is that the closed form solution to the difference equation is very
simple. It is:

¢ ="
That is, the finumber inthe sequence is th& power ofl | The same formula works for
negative n, s¢, , ! ! ™. When you think ap as the golden ratio representing the ideal

proportioning of line segments, Blg-bonacci sequence is a set of line segments extending
to infinity in both directiongn which each one is multiplied!byo match the larger
neighbor and divided lgyto match the smaller neighbor.
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2 Others have usetis termfor different sequences, but | think tise in this context is clear.



Phi, Five, andMagic Squares

The following is anagic square of order five whose magic sundl80L.Every row,
column, andliagonal addto the fist five significant digits ! .

0.3224] 0.3244 0.3243 0.3235 0.3232

0.323§ 0.323( 0.3227 0.3244 0.3241]

0.3247 0.3239 0.3239 0.3233 0.3225

0.3233 0.322§ 0.3249 0.3242 0.3234

0.324( 0.3237 0.3229 0.322¢ 0.3248

However, it is nojustan ordinary magic square. It consists of the tfire@tyonsecutive
decimal numbers starting with 0.3R2the upper left celind ending with 0.38 in the
lower right cell. It is pandiagonal, which means treaglaibf the broken diagonals also
sum to the same value.

You can also shift the rows or columns in any direction, wrapping around as you do so, and
the square will remain magia. atidition to the twenty OmagicO patterns that you get from
the five rows, five columns, five left diagonals, and five right diathemalsye four that

involve the center cell afudir symmetrically surround cells.




Each of these can be shifted Isat tcenter is in any of the 25 cells (wrapping around as
necessary) so each of these four patterns has 25 variations, for a total of 120 patterns whose
cell valuesdal to the magic sum of 1.6180. For example, the valbbesaoiiowing patterns

match the magic sum.

Furthermore, the magic squezsymmetric, which means that any two cells that are at an
equal distance from the center on a straight line through the center will contain values that
sum to 40% of the magic sum, or 0.6472. Tipdiesrthat any such opposite pair, together

with any other such opposite pair and the center cell will match the magic sum. There are
actually 780 combinations of five cells that match the magifYsunthayuse a calculator

or a spreadsheet to checkaiti wish.)

Of coursea purist would point out that this square does not really involve tipeliuie

only a truncated approximation oflit.order to correct that flaw, | wikksort to geometry.

Each cell will contain two line segmeantsdone of length anda green onef length 1

(in arbitrary units). When we add the geometric entries in cells, we simply superimpose
them With that geometric definition of addition, the following square is magic.
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The square is pandiagonal, sofahe broken diagonals combine to the same result. The
four patterns around the central cell, as well as the shi$ieds/atso produce the pattern,
so you get20 ways thdive cells form the magic suall 120 patterns suto same figure,

a five-pointedstar (or pentagrgninscribed in a fiveided regular polygon (or pentagon).
This symbol has been widely used throughout histgresent magical powers as@n
instrument for casting magic spells, either evil mmotectagainst evil. dte germane to

our interest here, it contains many instancgsnd its powers

We already know that every red line is of léngthf each red line igdken into the three
segments dhe crossing points, every blue line segment is of lerigimd everprange
segment is of length™ .
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Alternatively, if you want to measure all of the line segments relative to the shortest orange
ones, taking those as the unit of measure, the blue lines would have feegiteen ones

would havedngth! ', and the longest red lines would have léngtAll of thesgowers

of I are successimeimbers in the P#ionacci sequence.

The magic square is pandiagonal, so all of the broken diagonals combine to the same result.
The four patterns arouritle central cell, as well as the shifted versionprathece the
pattern, so you g&P0 ways that five cells form gemtagranin-pentagoriigure



If you take the numerical values of the line segments in the magic sum, they tqtal5 + 5
using the identity? ! ! + 1, the magic sum igb. If you calculate what that amounts to,

it is slightly more than 13, which seems fitting for the thirteenth G4G. If you add up the
values of all of the line segments in ahtire square, the totas!! ¢!?, which seems
appropriate for a fiviey-five magic squadkesigned to celebrate 5 gndit seems only fair

to leave some fun for others, so | will only suggest that the perimeters afidher @agny
internal polugonsontainpowersof ! and>.

Finally, I would like to point out that Martin Gardner published his column in Scientific
American starting in 1956 and ending inN@8tbtal of 5years.Can there be amjoubt
that (Phi)ve is a magiamber?
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There are many books and articles about Phi, Fibonacci numbers, and magic squares. A
quick search on theternet will producenough to keep you entertained for weeks. If you

want to éarn how | created tmeagic squasdeasily), the method is fullypkned in my

2017 book, More Myic Square Methods and Tricks,



