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The current USA landscape for mathematics achievement is bleak. Nationwide
assessment in 2022 reported 73% grade 8 and 64% of grade 4 students lacked mathematics
proficiency (as in structure mapping U.S. Department of Education et al., 2023). Proficiency
deficiency persists across grade levels. Recent data are only the latest in a national trend over
decades (see also, National Center for Educational Statistics (NCES), 2022): the majority of our
young people from early years through high school graduating class lack mathematics
proficiency. Our students lack the skills to succeed in “typical modern economy jobs” (Siegler et
al., 2012, p. 691). Effective concrete, early childhood mathematics preparation is a formative
step toward mathematics and lifelong achievement (Mullis et al., 2020b; National Association
for the Education of Young Children (NAEYC) & National Council of Teachers of Mathematics
(NCTM), 2002; National Council of Teachers of Mathematics, 2022). Large scale research
studies have found that early childhood math readiness

e Predicts high school math achievement (Watts et al., 2014)
e Predicts adult socioeconomic status (i.e., adult age 42, Ritchie & Bates, 2013).

The Zone Proxima Math initiative for early childhood (Reese, 2022) was designed to address the
need for effective early childhood mathematics.

Origins of Zone Proxima Math

Zone Proxima Math derived from a Metaphorics analysis of the issues in USA
mathematics education. Metaphorics is applied analogical reasoning theory. Analogical
reasoning is a fundamental, ubiquitous cognitive process (Holyoak & Thagard, 1995; Hummel &
Holyoak, 1997). People learn by matching relational structure from a concrete, relatively familiar
domain to an unfamiliar one (Gentner, 1983), leading to inferences about the abstract or
unfamiliar domain. The process is automatic, with low cognitive overhead. Immediate goals and
context guide selection of analogs and mapping (Gentner & Holyoak, 1997). Analogical
reasoning is recognized as a key to scientific and mathematical learning and discovery (e.g.,
Gentner, 1980; Kuhn, 1993; Polya, 1954). Metaphorics applies analogical reasoning structure
mapping and pragmatics constraints to the design (especially domain specification),
development, assessment, and evaluation of instruction (Reese, 2003, 2009, 2015a).
Fundamentally, novice learners should manipulate effectively designed and sequenced concrete
experiences. These concrete analogs should share profound relational structures (a deep system
composed of layered and branched relational connections) with the to-be-learned domain. The
learning environment should produce challenges as goals that motivate and orient the learner to
discover viable connections within the domain of the concrete analogs. This will produce learner
construction of viable mental models of foundational concepts in a domain such as mathematics
(see also, Reese, 2015¢). Related new learning, such as transfer from the concrete analog to more
abstract symbols, becomes intuitive. When learning is intuitive, learners have a greater chance of
success.
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Low-risk (Reese, 2010, 2015a, 2015b), well-designed, embodied learning challenges can
effectively guide young children to discover and apply foundational mathematics concepts.
During guided discovery learning, children can experience and learn to recognize joy in
mathematics thinking and activity. Given that early childhood learning in the home and within
other child care environments produces associated gains in mathematics achievement (Mullis et
al., 2020a, 2020b), Zone Proxima teaches adults how to effectively mentor, recognize, and
reward guided mathematics discovery and application by guiding their young children:

e to manipulate concrete learning objects designed to embody mathematical concepts,

e to recognize and guide children to self-regulate (includes tenacity),

e to engage in metacognition while engaged in mathematical problem-solving, thinking and
activity,

e to enjoy the rewards of effortful cognitive engagement (hard work can be good fun).

Zone Proxima children construct the integrated, coherent, well-formed mental models of
foundational math required for mathematical understanding and success. The Zone Proxima
Math vision and intervention for academic and personal flourishing derives from (a) over 25
years of learning science research and development, (b) fieldwork identifying the USA
mathematics proficiency need, and (c) fieldwork applying cognitive science to mathematics
instruction. Zone Proxima Math instruction works the way the mind does: leveraging cognitive
recognition between the abstract and the concrete.

What’s Metaphoric About Zone Proxima Math?

Zone Proxima Math employs pedagogical tools like 5-frames, ten-frames, counters,
subitizing, tangrams, and pattern blocks as expertly described in the editions of the Van de Walle
mathematics pedagogy textbook (e.g., Van de Walle et al., 2016). Zone Proxima Math employs
other sources as well: for additional number sense, e.g., Jo Bohler’s youcubed program (Boaler
& youcubed Team, 2024), learning trajectories (e.g., Clements & Sarama, 2021), growth mindset
(e.g., Dweck, 1989; Dweck et al., 2011), metacognition (e.g., Flavell, 1979; National Research
Council Committee on the Foundations of Assessment et al., 2001, see p. 78; Schoenfeld, 2004),
and flow (Csikszentmihalyi & Csikszentmihalyi, 1988; Reese, 2010, 2015b; as well as the
related construct of flourishing, see Zhang, 2022). But the core Metaphorics component of Zone
Proxima Math is the concrete analog of Cuisenaire Rods (invented by Emile-Georges
Cuisenaire) coupled with the early childhood mathematics curriculum for using the Rods with
guided discovery as developed by Caleb Gattegno (1970), and Zone Proxima evaluation,
approach, and enhancements see Figure 1.

Although theorists and educators have extolled the virtues of Cuisenaire Rods, many lack
the solid grounding of why and how the Rods are such a powerful learning tool. This might
explain why many Cuisenaire Rods inhabit educators’ classroom closets with but rare
expeditions into the light for discrete “fun” or “hands-on” activities. Rather, the Rods should be
core components of on-going, coherent infusion within the school year’s curriculum over many
grades (at least preschool through middle school). Before John Holt’s crusade promoting
homeschooling and unschooling, he extolled the virtues of Cuisenaire Rods:
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The beauty of the Cuisenaire Rods is not only that they enable the child to
discover, by himself, how to carry out certain operations, but also that they
enable him to satisfy himself that these operations really work, really describe
what happens. (1964, p. 78)

Figure 1. Children ages 4 to 5.5 during Zone Proxima Math sessions (mother, child, and a
virtual—via Zoom—Zone Proxima mentor: mother and mentor not pictured) using Cuisenaire

Rods, a modified Gattegno Math curriculum, and Zone Proxima learning aids. Copyright 2024
by Zone Proxima LLC.
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Yet, Holt’s published writings present strong evidence that he did not understand—or at least
apply—the true power of the Cuisenaire Rod analog: the deep relational mapping from the Rods’
physical characteristics to mathematical relationships. For example, consider one section of the
same book in which Holt described his fifth-grade students and lessons using the Rods as counters
rather than relationally rich analogs. He directed the student to divide quantities of Rods into cups.
Placing the Rods into “containers” should always privilege the learner’s concrete interaction with
length x width x depth. Cups obscure any physical properties of the individual and/or combined
rods. The mathematical relational properties are infused into the physical characteristics of the
Rods. Holt’s implementation removed the power of the analog. The implementation removed the
relational correspondence between the analog and multiples, factors, and equivalence.

Like many educators —be they parents, caregivers, or teachers—Holt seems unaware of
the shortcomings of his implementation of the Cuisenaire Rod learning technology.' Holt wrote

This work has changed most of my ideas about the way to use Cuisenaire rods
[sic], and other materials. It seemed to me at first that we could use them as
devices for packing in recipes’ much faster than before, and many teachers seem
to be using them this way. But this is a great mistake. What we ought to do is use
these materials to enable children to make for themselves, out of their own
experience and discoveries, a solid and growing understanding of the ways in
which numbers and the operations of arithmetic work. Our aim must be to build
soundly, and if this means that we must build more slowly, so be it. Some things
we will be able to do much earlier than we used to—fractions, for example.
Others, like long division, may have to be put off until later. The work of the
children themselves will tell us. (p. 120)

I agree with Holt that guided discovery learning is powerful instructional approach. So, too, are apt
concrete instructional learning objects.

An apt instructional analog is a relationally dense and aligned in one-to-one
correspondence with a targeted learning domain. Primary concepts and terminology are

e Mapping (as defined within structure mapping theory, Gentner, 1983): the cognitive
process of placing two domains into correspondence according to their shared relational
structure. Based upon the source (concrete or familiar) domain, the analogizer (learner)
infers the existence of to-be-learned relations in the target (to-be-learned) domain.
Metaphorics designers of instruction work in reverse, specifying the targeted to-be-learned
domain and then designing a relationally isomorphic concrete analog (source domain),
goal structures, and learning context designing the source domain (e.g., here the
Cuisenaire Rods and early childhood lessons). This “backward analogizing” is the essence
of Metaphorics (Reese, 2015a, 2015c).

e Systematicity: the degree of relational density within a domain and within the mapping
from the source (concrete or familiar) domain to the to-be-learned domain. Apt
instructional analogs embody deep systematicity with the targeted learning domain
(Gentner, 1983; Reese, 2009).
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e Isomorphic: a one-to-one relational correspondence between the concrete (or familiar)
domain and the to-be-learned domain (Gentner, 1983; Reese, 2009).

¢ Embodied: (Reese, 2015c): When humans use their senses and perceptual processing to
interact with the physical (real or virtual), those experiences are embodied. Seymore
Papert (1980) coined the term body syntonicity for this condition: human learning when it
is related to “individuals’ sense and knowledge about their bodies” (p. 63). The more that
interaction corresponds to the individual’s sense of the individual’s body and its cause and
effect with the physical world, the greater its body syntonicity, the greater the syntonicity,
the more natural the learning experience and analogical mapping from the source domain
to the targeted learning domain. i

e Pragmatic constraints: An analogizer’s situation-specific goal structures dictate (constrain
(i.e., constrain, see Spellman & Holyoak, 1992; Spellman & Holyoak, 1996) selection of
analog domains and the mappings between the domains (Holyoak et al., 2001). During
game-based learning, a game’s goal structure can provide the necessary constraint to guide
analog selection and cross-domain mapping (e.g., Reese, 2012). During Zone Proxima
Math, “challenges” —which are the session-level (lesson-level) problems posed to learners
within guided discovery learning—serve as the pragmatic constraint.

Memorization and rote application of algorithms or formulas leads to discrete,
disconnected, isolated, and inert knowledge. Today’s math education quandary has produced a
significant proportion of youth with inert, disconnect mathematics knowledge. When these
individuals do attempt mathematics, they often do not know what algorithm to use, when/why to
use it, if the memory of the algorithm is correct, and if calculated results are viable. Meaningful
knowledge is connected knowledge. A human can hold 7 + 2 chunks of knowledge in working
memory (cognitive load theory further posits a limit of only 2 or 3 active nodes within working
memory, see Paas et al., 2003; Reese et al., 2016; Sweller et al., 1998). However, each chunk may
contain an infinitely large and expandable knowledge network. Expert knowledge contains chunks
of large, integrated knowledge networks. This is why experts can bring so much accrued
knowledge to bear on a problem. Knowledge networks lessen cognitive load. The goal of sound
education—and the Zone Proxima Math enterprise—is to guide children to discover, apply, and
build dense knowledge networks of viable (see von Glasersfeld, 1995 for discussion of human
knowledge and viability) domain knowledge. Instruction should guide learners to construct
“robust, cohesive, and normative views” (Linn et al., 2004, p. 37).

Powerful instructional and learning technologies must be implemented appropriately. It is
incumbent that the educator implementing an apt concrete learning object (i.e., an apt,
manipulative concrete analog) appropriately apply the pedagogical content knowledge (Shulman,
1986) that supports its instructional application. Without the pedagogical content knowledge that
informs instructional delivery, inadequately executed the lessons are, at best, a waste of
instructional/learning time. At their worst implementation, such lessons may produce intractable
misconceptions—doing more harm than good.

Metaphorics to the Rescue

Zone Proxima Math serves a mission: to rectify early childhood math instruction and ready
youth for mathematics success that will follow them through academic preparation and through
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professional and personal lives. Zone Proxima provides instruction to the adults who care for and
about young children (see Figure 2). Zone Proxima mentors train adults, during sessions for adults
and sessions for adult-child dyads, to effectively and knowledgably guide young children to
discover and apply foundational mathematics concepts. Typically, training involves one adult
session per week and an adult-child dyad per week. Adults and their dyads may train individually
or as part of a group class. Zone Proxima also provides professional development. Ideally, Zone
Proxima Math and Cuisenaire Rods should integrate from early childhood through middle school
education, with high school courses using the manipulatives to reactivate prior Cuisenaire Rod-
related knowledge as necessary. Zone Proxima Math trains adults to provide effective mathematics
education by leveraging what we know about the human mind. Zone Proxima Math is designed to
work. . . the way the mind does.

(a) (b)

Parent-Child Dyads

Figure 2. (a) Zone Proxima flexibly provides and designs training for educators working with
early childhood in diverse environments. (b) This call to action (a) recruits adults who train to
provide effective early childhood mathematics education, (b) those who might sponsor/fund
trainings in populations lacking financial resources to pay for training, and (c) those who might
propose, advise, and legislate Zone Proxima Math solutions for early childhood mathematics
achievement.
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il Tt is well established: a primary obstacle for fundamental, introductory knowledge acquisition in scientific
disciplines is the misalignment with the physical phenomena such as the scale at which it occurs, human perception of
their environment, and human interpretations of their experiences of cause and effect. (Hestenes, Wells, &
Swackhamer, 1992).

Commonsense belief about how the physical world works derived from years of personal

experiences. Many can be incompatible with complex concepts - such as those in introductory

Newtonian physics or genetics. Specifically, it has been established that (1) commonsense beliefs

about motion and force are incompatible with Newtonian concepts in most respects, (2)
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conventional physics instruction produces little change in these beliefs, and (3) this result is
independent of the instructor and the mode of instruction. The implications could not be more
serious. Since the students have evidently not learned the most basic Newtonian concepts, they
must have failed to comprehend most of the material in the course. They have been forced to cope
with the subject by rote memorization of isolated fragments and by carrying out meaningless tasks.
No wonder so many are repelled! The few who are successful have become so by their own
devices, the course and the teacher having supplied only the opportunity and perhaps inspiration.
(p. 141)
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